Abstract. In this paper, we construct a non-standard finite difference scheme for a general model of glucose-insulin interaction. We establish some new sufficient conditions to ensure that the discretized model preserves the persistence and global attractivity of the continuous model. One of the main findings in this paper is that we derive two important propositions (Proposition 3.1 and Proposition 3.2) which are used to prove the global attractivity of the discretized model. Furthermore, when investigating the persistence and, in some cases, the global attractivity of the discretized model, the nonlinear functions f and h are not required to be differentiable. Hence, our results are more realistic because the statistical data of glucose and insulin are collected and reported in discrete time. We also present some numerical examples and their simulations to illustrate our results.
Introduction
In the literature, there have been various delay differential equations used in the modeling of the dynamics relationship between glucose and insulin (see e.g. [1] - [4] and further references therein). De Gaetano and Arino [1] introduced a glucose-insulin model of the forṁ 
where Gptq " G b , for t P r´b 5 
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trations, respectively; b 0 [mg/dl] is the theoretical glycemia at time 0 after the instantaneous glucose bolus intake; b 1 rmin´1s is the spontaneous glucose first-order disappearance rate constant; b 2 rmin´1s is the apparent first-order disappearance rate constant for insulin; b 3 [pM/(mg/dl)] is the first-phase insulin concentration increase per (mg/dl) increase in the concentration of glucose at time zero due to the injected bolus; b 4 rmin´1pM´1s is the constant amount of insulin-dependent glucose disappearance rate constant per pM of plasma insulin concentration; b 5 [min] is the length of the past period whose plasma glucose concentrations influence the current pancreatic insulin secretion; b 6 [min´1pM{pmg{dlq] is the constant amount of second-phase insulin release rate per (mg/dl) of average plasma glucose concentration throughout the previous b 5 minutes; and b 7 [(mg/dl)min´1] is the constant increase in plasma glucose concentration due to constant baseline liver glucose release.
Li et al. [2] proposed a more realistic model of the forṁ Palumbo et al. [3] proposed a model of glucose-insulin with two time delayṡ
Gptq " b´aGptq´cGptqIpt´T q, Gp0q " G b`b0 , (5)İ ptq "´rIptq`p pGpt´τm 1`pGpt´τm , Ip0q " I b`I0 . (6) Recently, Li and Zheng [4] proposed a general model of the forṁ xptq " b´axptq´xptqypt´T qhpxptq, yptqq, (7)ẏ ptq "´ryptq`f pxpt´τ qq, (8) with the initial conditions xpθq " x 0 pθq ą 0, θ P r´τ, 0s; ypsq " y 0 psq ą 0, s P r´T, 0s, where x 0 P Cpr´τ, 0s, p0,`8qq, y 0 P Cpr´T, 0s, p0,`8qq with lim (i) a ≥ 0, b, r, T, τ P p0, 8q, f pxq, hpx, yq are continuously differentiable with respect to their arguments; and (ii) f p0q " 0, f 1 pxq ą 0, and B By hpx, yq ≥ 0,
, where h 0 ≥ h 0 ą 0 and σ ≥ 0 are constants.
In [4] , the authors proved that the system (7)-(8) admits positive bounded solutions for any positive initial condition. Moreover, they also obtained some results for the global attractivity of the unique positive equilibrium px, yq of the system (7)- (8) . However, to obtain these results, they had to assume that (9) p c ≤ x˚≤ x ≤ x˚≤ p c , q c ≤ y˚≤ y ≤ y˚≤ q c ,
where x˚" lim inf So far, many numerical schemes have been used to discretize the continuous models. Discretized models have certain advantages and their studies can be motivated by many reasons. Due to a simpler form, they allow for a relatively simple analysis of stability, bifurcations and some other dynamics-related issues. Discretized models are also more convenient for both numerical analysis and parameters estimation from the scarce experimental data available. However, one of the key questions is the relationship between the solutions to a given discretized model and that of a corresponding continuous model. This connection may be tenuous. In [5] , the author showed that traditional discretization schemes such as the forward Euler and the Runge-Kutta, sometimes do not preserve the qualitative properties of the continuous models. It is therefore very important to apply appropriate discretization schemes that can lead to discretized models whose solutions have the same qualitative properties as that of the corresponding continuous models.
Notably, the non-standard finite difference scheme proposed by Mickens [6] has emerged as an alternative and attractive method for the discretization of a wide range of mathematical models (see [6] - [14] and further references therein). Ding et al. [9] and Moghadas et al. [10] constructed some nonstandard finite difference schemes for some epidemic models with vaccination and showed that the discretized models have the same qualitative features as the continuous models. Non-standard finite difference technique developed by Mickens [6] - [8] has laid a solid foundation for designing methods that preserve the qualitative properties of the continuous models.
To date and to the best of our knowledge, no study has thoroughly addressed the discretized version of the glucose-insulin interaction model (7)- (8) . It is worth mentioning that the forward Euler and the Runge-Kutta discretization schemes can not handle the model (7)- (8) . In this paper, we focus our attention into two main tasks. Firstly, we construct a non-standard finite difference scheme for the glucose-insulin model (7)-(8) by using the Mickens' non-standard method. Secondly, we show that this scheme has the same positivity, persistence and global attractivity properties as the continuous model (7)- (8) .
The outline of this paper is as follows. In Section 2, we derive a discretized version from the general continuous model of glucose-insulin interaction (7)- (8) . The qualitative properties of the discretized model are analyzed in details in Section 3. Finally, in Section 4 we present some illustrated examples.
In this paper, we denote Z as the set of all integers and R`as the set of non-negative real numbers.
A discretized glucose-insulin interaction model
Applying Mickens' non-standard discretization to the continuous model (7)- (8), we obtain the following difference-delay equations:
where ą 0 is the step size and rts denotes the integer of t.
After some simple manipulations, system (10)- (11) is transformed into the following form:
where α " 1´ a, λ " 1´ r and γ " b.
The initial conditions of the system (12)- (13) are given by (14) x´m x ą 0, x´m x`1 ą 0,¨¨¨, x 0 ą 0; y´m y ą 0, y´m y`1 ą 0,¨¨¨, y 0 ą 0.
Let ˚b e defined as
Clearly, if ă ˚t hen all the solutions of the system (12)- (13) exist for all n ą 0. Also, all the solutions are positive.
For the discretized model (12)- (13), we assume that the following assumptions hold: pH 1 q: ă ˚a nd if either α P p0, 1q, f : r0, 8q Ñ r0, 8q is increasing, f p0q " 0, or α " 1, f : r0, 8q Ñ r0, 8q is increasing, f p0q " 0, and sup x≥0 f pxq " B ă`8. pH 2 q: Hpx, yq : r0, 8qˆr0, 8q Ñ p0, 8q, h˚≤ hpx, yq ≤ h˚, x ą 0, y ą 0 where 0 ă h˚≤ h˚ă 8. (12)- (13) are eventually uniformly bounded by positive constants from both above and below, then the system is called persistent.
The following theorem provides a sufficient condition for the persistence of the model (12)- (13).
Theorem 3.1. Assume that the two assumptions pH 1 q and pH 2 q are satisfied. Then, the model (12)- (13) is persistent.
Proof. Let px n , y n q be a positive solution of (12)- (13) . First, we consider a case where α P p0, 1q. By (12), we have
Since α P p0, 1q,
By (13), we have
and due to ă ˚, we obtain λ P p0, 1q and
Also by (12), we get
which implies that
Equation (13) gives,
Now we consider a case where α " 1. It is easy to check that
The above inequalities give
This implies that
The proof is complete.
Global attractivity
Definition 3.2. The point px, yq is called an equilibrium point of the system (12)- (13) if it is a root of the following system
From now on, we assume that the system (12)-(13) has a unique positive equilibrium point px, yq, which consists of the basal levels of glucose and insulin concentrations. The system (12)- (13) is globally attractive if its positive equilibrium point px, yq is globally attractive.
We now assume that the model (12)- (13) is persistent. Let px n , y n q be a solution of the model (12)- (13) . We will use ω-limit set of px n , y n q (see, [15] - [16] ) to study the global attractivity of the positive equilibrium point px, yq of the model (12)- (13) . Let ωpx, yq Ă R mx`my`2 be the set of all limit-points of the sequence of the following vectors tpu n , v n q " px n´mx , x n´mx`1 ,¨¨¨, x n ; y n´my , y n´my`1 ,¨¨¨, y n qu n .
This set is compact and invariant under the map T : R mx`my`2
. The map T takes the initial data to the next data. This map is well-defined. Moreover, the map T maps ωpx, yq onto (surjectively) itself.
If we define
y n , due to Theorem 3.1, we can see that these limits are finite. We construct four full time solutions px n ,ỹ n q, px n ,ỹ n q, px n ,ỹ n q, px n ,ỹ n q of the system (12)-(13) such thatỹ
We have the following new propositions which will be used to establish the fact that the equilibrium point px, yq is globally attractive. Proposition 3.1. Assume that both assumptions pH 1 q and pH 2 q are satisfied. If hpx, yq " h 1 pyq is increasing, then for every solution px n , y n q of the model (12)-(13), the following inequalities are true:
Proof. Since px n ,ỹ n q, px n ,ỹ n q are two full time solutions of (12)- (13), we have
On the other hand,
But in this case x m ă x and y M ă y, so we have
which is a contradiction. Therefore, the hypothesis thatx´1´m x ă x is false. So we havex´1´m x ≥ x, and consequently, y M ≥ y and x M ≥ x.
By using two full time solutions px n ,ỹ n q, px n ,ỹ n q of (12)- (13) we will get y m ≤ y and x m ≤ x. It is easy to check that
we obtain
Proposition 3.2. Assume that both assumptions pH 1 q and pH 2 q are satisfied and hpx, yq " h 2 pxq is decreasing such that gpxq " xh 2 pxq is increasing. Then, for every solution px n , y n q of the model (12)- (13), we have the following inequalities:
Proof. Due to px n ,ỹ n q, px n ,ỹ n q are two full time solutions of (12)- (13), we have
But in this case x M ą x, y m ą y, and due to gpxq " xh 2 pxq is increasing, we obtain
which is a contradiction. Therefore, the hypothesis thatx´1´m x ą x is false. So we havex´1´m x ≤ x, and consequently, y m ≤ y and x m ≤ x. By using two full time solutions px n ,ỹ n q, px n ,ỹ n q we will get y M ≥ y and x M ≥ x. Moreover, from inequalities
, and
Theorem 3.2. Assume that the conditions of Proposition 3.1 hold. Let px n , y n q be a solution of the system (12)- (13) . If one of px n q and py n q does not oscillate around its basal levels, then both of them converge to their basal level.
Proof. By the proof of Proposition 3.1, we have
From the inequality γ ≤ x m p1´α` y M h 1 py M qq, it follows that if y M " y, then γ " xp1´α` yh 1 pyqq ≤ x m p1´α` yh 1 pyqq, this implies x ≤ x m . Therefore x m " x. Now, the inequality f pxmq r ≤ y m will give y ≤ y m so that y m " y, that is lim nÑ8 y n " y. Again by x M p1´α` y m h 1 py m≤ γ we have x M " x, or equivalently, lim nÑ8 x n " x.
Similarly, if y m " y then x M " x. We can conclude that lim nÑ8 x n " x and lim nÑ8 y n " y. The proof is complete.
The following theorem is derived by following a similar approach as in [4] where the authors investigated the global attractivity of the unique equilibrium in the continuous model. (12)- (13) is globally attractive.
Proof. Consider two sequences pM k q and pm k q, where
Since ηp¨q is decreasing, by (15) we obtain m 0 " x m ≥ ηpηpx m" m 1 ,
On the other hand, due to ηpηp¨qq is increasing, if m k ą m k´1 and
From the positivity and the boundedness of the function ηp¨q, one can see that pm k q is a bounded monotone increasing sequence and pM k q is a bounded monotone decreasing sequence. Thus, there are limits u and v on them, respectively. By the definition of sequences pM k q and pm k q, we get u " v " x " ηpηpxqq. This implies that
The proof is complete. (12)- (13) is globally attractive.
Proof. From Proposition 3.1 we have
which gives
By Theorem 3.3, the equilibrium point px, yq of model (12)- (13) is globally attractive. The proof is complete.
Corollary 3.2. Assume that the conditions of Proposition 3.2 hold. Suppose further that xh 1 2 pxq`h 2 pxq ą 0 and equation x " ηpηpxqq has a unique root x, where ηp¨q " µ`f p¨q r˘a nd µpyq is defined by equation p1´αqx` xh 2 pxqy " γ.
Then, the unique equilibrium point px, yq of model (12)- (13) is globally attractive.
Proof. From Proposition 3.2, we have
where µpyq is defined by equation p1´αqx` xh 2 pxqy " γ.
Moreover, since f 1 p¨q ą 0 and µ 1 pyq "´ xh 2 pxq 1´α` ph 2 pxqy`xyh 1 2 pxqq ă 0, ηp¨q is a decreasing function. By Theorem 3.3, the equilibrium point px, yq of model (12)- (13) is globally attractive. The proof is complete.
Remark 3.1. For the case where a ą 0, we can replace on the lefthand side of both equations (10) and (11) by two non-negative functions,
and Φ 2 p q " 1´e´r r , respectively. In such case, the following discretized model is obtained
where α " e´a , λ " e´r and γ " b a p1´αq. Clearly, all the solutions of system (16)-(17) exist for all n ą 0 and they are positive. Moreover, by following similar lines as in the proofs of our main results, we can also prove that the system (16)-(17) has the same persistence and global attractivity properties as the continuous model (7)- (8) . Note that, this discretized method can only be used for the model (7)- (8) for the case where a ą 0, while the main results derived in this paper can take into account both cases, a " 0 and a ą 0.
Examples
Examples 4.1. Consider a discretized version of system (5)- (6) with a step size 0 ă ≤ ˚:
In [4] , the authors proved that the equilibrium point px, yq of system (5)- (6) is globally attractive if one of the following conditions is satisfied:
Clearly, both assumptions pH 1 q and pH 2 q are satisfied. According to Theorem 3.1, the system (18)-(19) is persistent. By using Corollary 3.1, it can be verified that if one of the following conditions holds then the unique positive equilibrium point px, yq of (18)- (19) is globally attractive:
rp1´αqr`cpspm`1q`pm´1qrp1´αqr`c ps 2 ă 1.
Numerical simulation. We consider system (5)- (6) By Theorem 3.2 in [4] , px, yq is a global attractivity of (5)- (6) . The numerical simulation is shown in Figure 1 . Persistence and global attractivity for a discretized version. . .
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We can check that α P p0, 1q and γ pcmrpm´1qp1´αqrs 1´1 m`r p1´αqr`cpspm`1q˘1`1 m rp1´αqr`cpspm`1q`pm´1qrp1´αqr`c ps 2 ă 1 for every P p0, ˚q . This implies that the condition iii) for the discretized model in Example 1 is satisfied. Hence, the unique positive equilibrium point of (18)- (19) is globally attractive. Figure 2 shows that, when ă ˚, the discretized model (18)-(19) has the same global attractivity property as the continuous model (5)- (6) . For the case where ą ˚, Figure 3 shows that the numerical solution completely lost its positivity and global attractivity. Examples 4.2. Consider a discretized version of the system (7)-(8) with a step size 0 ă ≤ ˚:
where hpx, yq " c 1`σx , f pxq " px m 1`x m and c, p, m P p0, 8q, σ P R`. In [4] , the authors proved that all the solutions of the continuous system are attracted by the equilibrium point px, yq if one of the following conditions is satisfied:
For any satisfying ă ˚, it can be verified that both assumptions pH 1 q and pH 2 q are satisfied. According to Theorem 3.1, the system (20)- (21) is persistent. By using Corollary 3.2, it can be verified that if one of the following conditions holds then the unique positive equilibrium point px, yq of (20)- (21) is globally attractive:
1.
Numerical simulation. We consider system (7)- (8) and its discretized version, where hpx, yq "
1`x , T " 5, τ " 9, a " 0.015, r " 0.001 and b " 0.01454. After some simple manipulations, we obtain px, yq " p0.9559202845; 19.54926880q, and δ " 1´a´σ b a 4aσb`pa´σbq 2 " 0.1767351404 ă 0.5197505198 " 2aσr cp .
Due to Theorem 3.3 in [4] , px, yq is a global attractivity of (7)- (8) . The numerical simulation is shown in Figure 4 . It is easy to check that c p 2p1´αqσˆ1´1´α´γ σ a p1´α`γσq 2`4 p1´αqγσ˙ă 1 for every P p0, ˚q . This implies that the condition i) for the discretized model in Example 2 is satisfied. Hence, the unique positive equilibrium point of (20)- (21) is globally attractive. Figure 5 shows that, when ă ˚, the discretized model (20)-(21) has the same global attractivity property as the continuous model (7)- (8) . For the case where ą ˚, Figure 6 shows that the numerical solution completely lost its positivity and global attractivity.
Conclusion
A discretized version of a general model of glucose-insulin interaction has been constructed in this paper by using the Mickens' non-standard finite difference method. We have investigated several qualitative properties of the solutions of the discretized model. New theorems have been presented which ensure the persistence and global attractivity of the discretized model.
